The velocity fields and the associated tangential tractions corresponding to the flow induced by a flat plate that applies a specified stress in an Oldroyd-B fluid are determined by means of Fourier cosine transforms. The solutions corresponding to a Maxwell, secondgrade, and Navier-Stokes fluid appear as limiting cases of the solutions established here.
3186 A note on an unsteady flow of an Oldroyd-B fluid the accuracy of numerical schemes that are developed for complicated flows involving such fluids.
Waters and King [13] studied the start-up Poiseuille flow of an integral-type Oldroyd-B fluid in a straight circular tube and its decay from the steady-state condition when the pressure gradient is removed. The exact solution was obtained using the Laplace transform method. Since an integral form of Oldroyd-B fluid model is used, only one initial condition is required for this unsteady problem. Unsteady, pressure-driven flow of a classical Maxwell fluid in a pipe was studied by Rahaman and Ramkissoon [10] . Exact solutions were obtained as an infinite Fourier-Bessel series for different functional forms for the pressure gradients. The solutions exhibited a boundary layer for certain values of material parameters. Wood [14] considered the start-up of a helical flow of an Oldroyd-B fluid in a cylindrical annulus and obtained the results of Rahaman and Ramkissoon [10] as a degenerate case. Wood [14] obtained the velocity field by using an infinite FourierBessel series. Hayat et al. [7] obtained periodic solution to the magnetohydrodynamic flow of an Oldroyd-B fluid using Fourier transform methods and recently Erdogan [4] has studied the dynamics of an unsteady vortex in a second-grade fluid with zero initial conditions. The solution was obtained as a definite integral by employing Hankel transforms.
Governing equations
An incompressible Oldroyd-B fluid is characterized by the following constitutive equations (Oldroyd [9] ):
where T is the Cauchy stress tensor, S is the extra stress tensor, −pI denotes the indeterminate spherical stress due to the constraint of incompressibility, L is the velocity gradient tensor, A = L + L T is the first Rivlin-Ericksen tensor, λ and λ r are the relaxation and retardation times, µ is the dynamic viscosity, and the superposed dot indicates the material time derivative. This model includes as special cases the Maxwell model and the linearly viscous fluid model. For the special class of motions considered here, the governing equations also include the equations of motion for the second-grade fluid.
Recently, Rajagopal and Srinivasa [11] have developed a thermodynamic framework for systematically developing rate-type viscoelastic fluid models. This framework has at its basis a proper choice for how the body stores energy and dissipates energy. Within the context of such a theory, they developed a generalization of the Oldroyd-B model, which when linearized appropriately reduces to the classical Oldroyd-B model. It follows that the Oldroyd-B model, whose material moduli are constants, stores energy like a linearized elastic solid. Different manners of storing and dissipating energy lead to different models, and practically all the popular rate-type models can be obtained by making special choices within the context of the framework developed by Rajagopal and Srinivasa [11] . A central idea behind the theory is that the model that is chosen amongst a class of possible candidates is the one that maximizes entropy production.
In the following analysis, we will consider an unidirectional flow whose velocity field, in Cartesian coordinates, is given by
where i is the unit vector along the x coordinate direction. The above velocity field automatically satisfies the constraint of incompressibility. We will assume that the extra stress S depends only on y and t, that is, S = S(y,t). In the absence of body forces and pressure gradient along the x coordinate direction, the balance of linear momentum reduces to
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where ν = µ/ρ is the kinematic viscosity of the fluid, ρ is its constant density, and the subscripts y and t indicate partial differentiation with respect to the corresponding variables. It would be appropriate to point out that a popular technique for studying such unsteady flows, namely, Laplace transforms, may be inappropriate for certain unsteady flow problems, unless certain compatibility is met (see Bandelli et al. [1] ). This point cannot be overemphasized. Though the solution is obtained after enforcing the appropriate initial conditions, the solution so obtained fails to satisfy them! Of course, this depends on the specific unsteady problem under consideration. Here, we use an alternate transform method. We use finite Fourier transforms to carry out the analysis and the solution that is obtained satisfies all the initial and boundary conditions.
Exact solutions
Let us consider an incompressible Oldroyd-B fluid at rest, lying over an infinitely extended plate that coincides with the (x,z)-plane. Let us suppose that at time zero, a shear is applied to the plate and owing to the shear, the fluid is gradually moved. The governing equation is given by (2.3) and the boundary and initial conditions are (cf. Bandelli et al. [1] )
where f is the shear stress applied to the plate, T xy is the shear stress, and α = νλ r . In the limit λ → 0, the equation reduces to that for a second-grade fluid (it is important to note that when λ → 0, the Oldroyd-B model does not reduce to that of a second-grade fluid, it is only the equation that reduces to the corresponding equation for a second-grade fluid) and also when λ → 0 and λ r → 0, that is, for a Navier-Stokes fluid, the boundary condition (3.1) reduces to a problem of constant stress at the boundary. In order to solve this problem, we will use, as carried out by Erdogan [3] for the flow of a second-grade fluid and Fetecau et al. [5] for an Oldroyd-B fluid, the Fourier cosine transform. By multiplying (2.3) by √ 2/π cos(yξ), integrating over y from 0 to ∞, and taking into account the boundary and initial conditions, that is, (3.1)-(3.3), we find that (cf. Sneddon [12, Section 3] )
where the Fourier cosine transform v c (ξ,t) of v(ξ,t) has to satisfy the initial conditions
The solution of the ordinary differential equation (3.4) with the initial conditions (3.5) is of the form
if λ > λ r and (r 1,
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Inverting (3.6) by means of Fourier's cosine formula (Sneddon [12] ), we find that (here, we have also used the well-known result ∞ 0 (sin 2 (y)/y 2 )dy = π/2 (see, e.g., Grandshteyn and Ryzhik [6] 
The extra stress S can be easily determined from (2. Introducing (3.7)-(3.9) into (3.10), we find that
(3.13)
Limiting cases
(1) Taking the limit of (3.7) and (3.11) as λ → 0, we get the following solutions (the first of them being identical with equation (9) of Erdogan [3] ): 
In the special case when both λ r and λ → 0 in any one of (3.7)-(3.9) and (3.11)-(3.13) or λ r → 0 in (4.1) or λ → 0 in (4.2), the solutions are given by
which correspond to the solution in the case of an incompressible Navier-Stokes fluid. The integral in (4.3), as specified in Erdogan [3] , can be written in terms of the complimentary error function erfc(·). The associated shear stress (4.4) can also be written (cf. Sneddon [12, the entry 6 of Table 5 ]) as follows:
where erf(·) is the error function.
Numerical results and conclusions
In this work, we have established the velocity fields and the associated tangential tractions corresponding to the flow induced by a plate that applies a stress on the boundary of an Oldroyd-B fluid. The solution v(y,t) given by (3.7)-(3.9) satisfies the partial differential equation (2.3) and all the imposed initial and boundary conditions. In the special cases when λ → 0, λ r → 0 or both the characteristic time constants tend to zero, our solutions reduce to those corresponding to a second-grade, Maxwell, and NavierStokes fluid, respectively. The velocity and shear stress fields are nondimensionalized by definingȳ
whereȳ andt are the nondimensional counterparts of y and t, respectively. By substituting the above expressions in any of (3.7)-(3.9), the nondimensionalized velocityv is
The nondimensional shear stressτ is defined as τ/| f |. Using (5.1) in (3.7)-(3.9), one can obtain the nondimensional relaxation and retardation times as (| f |/µ)λ and (| f |/µ)λ r , respectively. In Figure 5 .1, we portray the nondimensional velocity field for the Oldroyd-B fluid and the various subclasses. We notice that, at all times, the Navier-Stokes solution has the highest velocity at the boundary. In contrast to the other liquids, the Maxwell liquid shows the sharpest decrease before the velocity becomes zero (see Figures 5.1(a) and 5.1(c) ). For the particular set of constants chosen, in Figure 5 .1(e), we notice that all the velocity profiles approach each other. In the plots (b), (d), and (f) of Figures 5.1 and 5.2 , the stress at the boundary of the Maxwell and Oldroyd fluid changes with time and approaches the boundary stress of the Navier-Stokes and second-grade fluid as t → ∞ (see (3.11)-(3.13) ).In Figures 5.2(a), 5.2(b) , and 5.2(c), the longer the time is, the more affected is the fluid farther away from the boundary. Referring to Figure 5 .2, we notice that all but one of the velocity profiles approach each other, the last, which is the one with the largest relaxation time, takes a much longer time to 3192 A note on an unsteady flow of an Oldroyd-B fluid 
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